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Recently, we have found the supersymmetric counterpart of the spectral triple. When we restrict
the representation space to the fermionic functions of matter fields, the counterpart, which
we name “the triple”, reduces to the original spectral triple, which defines noncommutative
geometry. We see that the fluctuation of the supersymmetric Dirac operator induced by algebra
in the triple generates a vector supermultiplet that mediates the gauge interaction. Following the
supersymmetric version of the spectral action principle, we calculate the heat kernel expansion
of the square of the fluctuated Dirac operator and obtain the correct supersymmetric Yang–Mills
action with U (N ) gauge symmetry.
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1. Introduction
The standard model of high energy physics coupled to gravity was derived on the basis of non-
commutative geometry (NCG) by Connes and his co-workers [1–3]. Their result was that, if the
space-timewas a product of a continuous Riemannianmanifold M and a finite space F of K-theoretic
(KO)-dimension 6, gauge theories of the standard model could be uniquely derived [4].
The framework of an NCG is specified by a set called a spectral triple [5]. Let it be denoted by
(H0,A0,D0). Here,A0 is a noncommutative complex algebra, acting on theHilbert spaceH0, whose
elements correspond to the spinorial wave functions of physicalmatter fields, while theDirac operator
D0 is a self-adjoint operator with compact resolvent. The operator plays the role of the inverse of
the infinitesimal unit of length ds of ordinary geometry and satisfies the condition that [D0, a] is
bounded for arbitrary a inA0. The Z/2 grading γ and the real structure J are taken into account to
determine the KO dimension. These axioms are given in the Euclidean signature [6].
The automorphisms of the algebra A0 are separated into equivalence classes under its normal
subgroup. In the same way, the space of metrics, i.e. Dirac operators, has a foliation of equivalence
classes and the internal fluctuation of a metric is given as follows:
D˜0 = D0 + A + J AJ−1, A =
∑
ai [D, bi ], ai , bi ∈ A. (1)
The fluctuation A + J AJ−1 for the Dirac operator in the manifold D0M = iγ μ∇μ ⊗ 1 gives the
gauge vector field, while that for the fluctuation of the Dirac operator in the finite space D0F gives
the Higgs field [6,7].
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The action of the NCG model is obtained by the spectral action principle and is expressed by
〈ψD˜0ψ〉 + Tr( f (P)). (2)
Here the first term stands for the matter action and ψ is a fermionic field that belongs to H0. The
second term represents the bosonic part that depends only on the spectrum of the squared Dirac
operator P = D˜20, and f (x) is an auxiliary smooth function on a 4D compact Riemannian manifold
without boundary [8]. It includes not only non-Abelian gauge theory but also Higgs field theory and
Einstein’s general relativity.
In our previous paper [9], we extended the spectral triple defined on the flat Riemannian mani-
fold to a counterpart in the supersymmetric theory that may overcome various shortcomings of the
standard model [10], for instance, the hierarchy problem, the fact that many free parameters are to
be determined by experiments, and the lack of unification of the running gauge-coupling constants
of the renormalization group. We referred to the supersymmetric counterpart as simply “the triple”
and the triple on the manifold was denoted by (AM ,HM ,DM). A component of the functional space
HM in our counterpart was made up of spinor and scalar wave functions of C∞(M) that constructed
a chiral or an antichiral supermultiplet. A Z/2 grading of the space HM was given by the chirality
of the supersymmetry transformation. So, the functional space in the manifold, HM , was a direct
sum ofH+ of chiral supermultiplets andH− of antichiral supermultiplets. The algebraAM was also
separated to two subsets A+ and A−, each of which was represented on H+ and H−, respectively.
On the other hand, the representation of the Dirac operatorDM was defined on the wholeHM . While
the ingredients of NCG were constructed in the Euclidean signature, the above construction was per-
formed in the Minkowskian signature in order to incorporate supersymmetry. We note that the triple
did not define a new NCG. However, by projecting HM to the fermionic part H0M and changing
the signature from Minkowskian to Euclidean by the Wick rotation, we found that it reduced to the
theory constructed on the original spectral triple.
In this paper, we faithfully obey the original idea of NCG and investigate whether it is possible to
introduce a vector supermultiplet that induces a gauge field through internal fluctuation of the Dirac
operatorDM . In order to incorporate gauge quantum numbers of matter particles and their superpart-
ners and to obtain their mass terms, we also introduce the finite space F and their supersymmetric
counterpart denoted by (AF ,HF ,DF ). We then calculate the spectral action using the modified total
Dirac operators on M ⊗ F following the supersymmetric version of the spectral action principle.
This paper is organized as follows. In Sect. 2, we review the construction of the supersymmetric
counterpart extended from the original spectral triple on the manifold. We also introduce the coun-
terpart on the finite space so that the triple defined on M ⊗ F will be given. In Sect. 3, we calculate
the internal fluctuation of the Dirac operator that induces the vector supermultiplet with U (N ) inter-
nal degrees of freedom. We can define an adequate supersymmetric invariant product of elements
in HM and obtain a bilinear form similar to the first term in Eq. (2). It represents the action for
the chiral and antichiral supermultiplets of matter fields and their superpartners that interact with
fields of the vector supermultiplet. In Sect. 4, we calculate the square of the fluctuated Dirac opera-
tor and Seelay–DeWitt coefficients of heat kernel expansion so that we obtain the correct action of
the supersymmetric Yang–Mills theory.
2. Supersymmetrically extended triple
The supersymmetric counterpart of the spectral triple on the flat Riemannian manifold M was intro-
duced in our previous paper [9]. In this section, let us review it and introduce the counterpart
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(AF ,HF ,DF ) on the finite space F in order to construct the triple (A,H,D) on M ⊗ F . The
functional spaceH is the product denoted by
H = HM ⊗HF . (3)
The functional space on the Minkowskian space-time manifold is the direct sum of two subsets,H+
andH−:
HM = H+ ⊕H−. (4)
The element ofHM is given by
 =
(
+
−
)
= + + −, (5)
+ =
(
+
03
)
∈ H+, − =
(
03
−
)
∈ H−. (6)
Here, +, − are denoted by
(+)i = (ϕ+(x), ψ+α(x), F+(x))T , i = 1, 2, 3, (7)
and
(−)i¯ = (ϕ−(x), ψ¯ α˙−(x), F−(x))T , i¯ = 1, 2, 3, (8)
in the vector notation. Here, ϕ+ and F+ of + are complex scalar functions with mass dimension
one and two, respectively, and ψ+α , α = 1, 2 are the Weyl spinors on the space-time M that have
mass dimension 32 and transform as the (
1
2 , 0) representation of the Lorentz group, SL(2, C). The
+(x) obey the following chiral supersymmetry transformation and form a chiral supermultiplet:
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩
δξϕ+ =
√
2ξαψ+α,
δξψ+α = i
√
2σμαα˙ξ¯
α˙∂μϕ+ +
√
2ξα F+,
δξ F+ = i
√
2ξ¯α˙ σ¯ μα˙α∂μψ+α.
(9)
On the other hand, the ψ¯ α˙ transform as the (0, 12) of SL(2, C) and the −(x) form an antichiral
supermultiplet that obeys the antichiral supersymmetry transformation as follows:
⎧
⎪⎪⎨
⎪⎪⎩
δξϕ− =
√
2ξ¯α˙ψ¯ α˙−,
δξ ψ¯
α˙− = i
√
2σ¯ μα˙αξα∂μϕ− +
√
2ξ¯ α˙ F−,
δξ F− = i
√
2ξασμαα˙∂μψ¯
α˙−.
(10)
The Z/2 grading of the functional spaceHM is given by an operator that is defined by
γM =
(
−i 0
0 i
)
. (11)
In this basis, we have γM(+) = −i and γM(−) = i . Hereafter, we suitably abbreviate the unit
matrices or subscripts that denote the sizes of unit and zero matrices.
Let us discuss the spaceHF .HF is the space with the basis of the labels qaL and qaR , which corre-
spond to some matter particles and their superpartners, such as quarks, squarks, and auxiliary fields.
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Here a is the index, a = 1, . . . , N , which denotes internal degrees of freedom. L and R denote the
eigenstates of the Z/2 grading γF for the discrete space, which is defined by
γF =
(
−1 0
0 1
)
, (12)
in the basis ofHF given by
Qa =
(
qaL
qaR
)
∈ HF . (13)
In this basis, we have γF (qaL) = −1, and γF (qaR) = 1. The wave functions of the supermultiplets in
H are expressed by (+, −) ⊗ (qaL , qaR). In order to avoid fermion doubling [11,12], we require
that the physical wave functions obey the following condition:
γ = γMγF = i. (14)
Then, for the supermultiplet, which is a set of a left-handed fermionicmatter field and its superpartner
and auxiliary field, we have
aL = qaL ⊗ +
= qaL ⊗ (ϕ+, ψ+α, F+, 03)T , (15)
in the Minkowskian signature and the physical wave functions of the supermultiplet amount to
qaLα = qaL ⊗ ψ+α(x), (16)
q˜aL(x) = qaL ⊗ ϕ+(x), (17)
FaL (x) = qaL ⊗ F+(x). (18)
For the wave functions of the right-handed fermionic matter field, we have
aR(x) = qaR ⊗ − = qaR ⊗ (03, ϕ∗−, ψ¯ α˙−, F∗−)T (19)
and
qaα˙R (x) = qaR ⊗ ψ¯ α˙−(x), (20)
q˜aR(x) = qaR ⊗ ϕ−(x)∗, (21)
FaR(x) = qaR(x) ⊗ F−(x)∗. (22)
For the state  ∈ HM , the charge conjugate state c is given by
c =
(
c+
c−
)
. (23)
The antilinear operator JM is defined by
c = JM = C∗, (24)
so that it is given by
JM = C ⊗ ∗, (25)
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where C is the following charge conjugation matrix:
C =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 0 0
0 0 αβ 0
0 0 1
1 0 0
0 α˙β˙ 0 0
0 0 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (26)
and ∗ is the complex conjugation. The operator JM obeys the following relation:
JMγM = γMJM . (27)
The real structure JM is now expressed for the basis of the Hilbert space (,c)T in the following
form:
JM =
(
0 J −1M
JM 0
)
. (28)
The Z/2 grading M on the basis is expressed by
M =
(
γM 0
0 γM
)
. (29)
In the finite space, the antilinear operator JF is defined by
JF =
(
0 1
1 0
)
⊗ ∗. (30)
Then the anti-matter particle supermultiplet Qca is related to Qa by
Qca = JF Qa. (31)
On the basis (Qa, Qca)T , the real structure JF and the Z/2 grading are expressed as follows:
JF =
(
0 J −1F
JF 0
)
, F =
(
γF 0
0 γF
)
. (32)
Corresponding to the construction of the functional spaces (3) and (4), the algebra A represented
by them are expressed as
A = AM ⊗AF , (33)
AM = A+ ⊕A−. (34)
Here an element ua of A+, which acts on H+, and an element u¯a of A−, which acts on H−, are
given by
(ua)i j = 1
m0
⎛
⎜⎝
ϕa 0 0
ψaα ϕa 0
Fa −ψαa ϕa
⎞
⎟⎠ ∈ A+, (35)
(u¯b)i¯ j¯ =
1
m0
⎛
⎜⎝
ϕ∗b 0 0
ψ¯ α˙b ϕ
∗
b 0
F∗b −ψ¯bα˙ ϕ∗b
⎞
⎟⎠ ∈ A−, (36)
where {ϕa(ϕ∗b ), ψaα(ψ¯ α˙b ), Fa(F∗b )} are chiral (antichiral) multiplets. Note that these multiplets are
not related to the multiplets in the functional space in Eqs. (7) and (8). As we will discuss in the next
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section, ua and u¯a together with the Dirac operator will be the origin of the gauge supermultiplets,
while the elements (7) and (8) of the functional space are the origin of the matter fields.
The total supersymmetric Dirac operator D is defined as follows:
D = DM ⊗ 1 + M ⊗ DF . (37)
On the basis (,c)T , the operator DM is given by
DM =
(
DM 0
0 JMDMJ −1M
)
, (38)
and
DM = −i
(
0 D¯i j¯
Di¯ j 0
)
, (39)
where
Di j =
⎛
⎜⎝
0 0 1
0 i σ¯ μ∂μ 0
 0 0
⎞
⎟⎠ , D¯i j¯ =
⎛
⎜⎝
0 0 1
0 iσμ∂μ 0
 0 0
⎞
⎟⎠ . (40)
The supersymmetric invariant product inHM is defined by
(′,) =
∫
M
d4x′†0, (41)
where 0 is given by
0 =
(
0 0
0 0
)
, (42)
and
0 =
⎛
⎜⎝
0 0 1
0 −1 0
1 0 0
⎞
⎟⎠ . (43)
On the basis (Qa, Qca), the Dirac operator on the finite space DF is defined as follows:
DF =
(
DF 0
0 JFDFJ −1F ,
)
(44)
and
DF =
(
0 m†
m 0
)
, (45)
where m is the mass matrix with respect to the family index.
The above formalism was given in the framework of the Minkowskian signature in order to incor-
porate supersymmetry. Since models in NCG in the flat space-time are constructed in the Euclidean
space-time, if we see its correspondence to the NCG formalism, we must transform the variables in
Minkowskian space coordinates to Euclidean ones. The transformation is given by the Wick rotation
as follows:
x0 → −i x0. (46)
The algebra of SL(2, C) turns out to be the algebra of SU (2) ⊗ SU (2) under the rotation. The
Weyl spinors that transform as (12 , 0), (0,
1
2) of SL(2, C) are to be replaced by (
1
2 , 0) and (0,
1
2)
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representations of SU (2) ⊗ SU (2), respectively. The spinors that have appeared inHM andAM are
replaced as follows:
ψ(+)α → ρ(+)α, ψα(+) → ρα∗(+), (47)
ψ¯ α˙(−) → ρα˙(−), ψ¯(−)α˙ → ρ∗(−)α˙, (48)
where spinors with indices α transform as (12 , 0) and those with indices α˙ transform as (0,
1
2) of
SU (2) ⊗ SU (2), respectively. The upper index is related to the complex conjugate of the lower index
by ρ1 = ρ∗2 , ρ2 = −ρ∗1 , ρ 1˙ = ρ∗2˙ , ρ 2˙ = −ρ∗1˙ . The metric and Pauli matrices that have appeared in
the Dirac operator are to be replaced by
gμν = (−1, 1, 1, 1) → ημν = (1, 1, 1, 1) (49)
σμ → σμE = (σ 0, iσ i ), σ¯ μ → σ¯ μE = (σ 0,−iσ i ). (50)
Embedding these expressions (47–50), the triple is rewritten in the Euclidean signature. The basis
ofHM is denoted by the same form as (7), (8) but now + and − are given by
(+)i = (ϕ+, ρ+α, F+), (51)
(−)i¯ = (ϕ∗−, ρα˙−, F∗−). (52)
The elements of AM that correspond to (35) and (36) are now given by
(ua)i j = 1
m0
⎛
⎜⎝
ϕa 0 0
ρaα ϕa 0
Fa −ραa ϕa
⎞
⎟⎠ ∈ A+, (53)
(u¯b)i¯ j¯ =
1
m0
⎛
⎜⎜⎝
ϕ∗b 0 0
ρα˙b ϕ
∗
b 0
F∗b −ρbα˙ ϕ∗b
⎞
⎟⎟⎠ ∈ A−. (54)
For the Dirac operator on the Minkowskian manifold in (39) and (40), we have
DM = −i
(
0 D¯E
DE 0
)
, (55)
where
DEi¯ j =
⎛
⎜⎝
0 0 1
0 σ¯ μE ∂μ 0
E 0 0
⎞
⎟⎠ , D¯Ei j¯ =
⎛
⎜⎝
0 0 1
0 σμE ∂μ 0
E 0 0
⎞
⎟⎠ , (56)
with
E = ημν∂μ∂ν = ∂20 + ∂2i . (57)
The invariant product under Euclidean supersymmetry transformation is given by the same form as
(41), but 0 should be replaced by
0 =
(
0 0
0 0
)
. (58)
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Under these replacements with the Wick rotation, when we restrict the functional space H to its
fermionic partH0, we recover the original spectral triple and the formalism of NCG.
3. Internal fluctuation and vector supermultiplet
In the supersymmetric counterpart of the NCG, the vector superfield is to be introduced as the internal
fluctuation of the Dirac operator D:
D → D˜ = D + V + J V J−1, V =
∑
a
U ′a[D,Ua], Ua ∈ A, (59)
where J = JM ⊗ JF . We assume thatAF is the algebra of N × N complex matrix functions for the
space of Qa . As the algebra AM is a direct sum of A+ and A−, we need two sets of elements, +
and −:
+ = {ua : a = 1, 2, . . . n} ⊂ A+ ⊗AF (60)
− = {u¯a : a = 1, 2, . . . n} ⊂ A− ⊗AF , (61)
where ua and u¯a are given in the matrix form of (35) and (36) in the space of Qa . They are also
N × N complex matrix functions that act on the internal degrees of freedom ofHF .
On the other hand, we assume that the algebra A for the space of the antiparticles Qac is that
of the constant complex number c, so that its elements are proportional to the unit matrix in AM .
Then the fluctuation induced by the term c[DM , c] vanishes. But the term J V J−1 carries the
same non-vanishing fluctuation induced by N × N complex matrices in the space of Qa to the
space of Qca .
Since the product of chiral (antichiral) supermultiplets is again the chiral (antichiral) supermulti-
plet, the elements of + (−) are chosen such that the products of two or more u′as(u¯as) do not
belong to + (−) any more.
We shall define the following scalar, spinor, and vector superfields as the bilinear form of the two
component functions in ua ∈ + and u¯a ∈ −:
m20C =
∑
a
caϕ
∗
aϕa, (62)
m20χα = −i
√
2
∑
a
caϕ
∗
aψaα, (63)
m20(M + i N ) = −2i
∑
a
caϕ
∗
a Fa, (64)
m20 Aμ = −i
∑
a
ca
[(
ϕ∗a∂μϕa − ∂μϕ∗aϕa
)
− iψ¯aα˙ σ¯ α˙αμ ψaα
]
, (65)
m20λα =
√
2i
∑
a
ca
(
F∗a ψaα − iσμαα˙ψ¯ α˙a ∂μϕa
)
, (66)
m20 D =
∑
a
ca
[
2F∗a Fa − 2(∂μϕ∗a∂μϕa)
+ i
{
∂μψ¯aα˙ σ¯
μα˙αψaα − ψ¯aα˙ σ¯ μα˙α∂μψaα
}]
, (67)
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where ca are real coefficients. Using (9) and (10), we can show that these fields have the transforma-
tion property of the vector supermultiplet expressed by
δξC = iξαχα − i ξ¯α˙χ¯ α˙, (68)
δξχα = −iσμαα˙ξ¯ α˙
(
− Aμ + i∂μC
)
+ ξα(M + i N ), (69)
1
2
δξ (M + i N ) = ξ¯α˙
(
λ¯α˙ + i σ¯ μα˙α∂μχα
)
, (70)
δξ Aμ = iξασμαα˙λ¯α˙ + i ξ¯α˙ σ¯ μα˙αλα + ξα∂μχα + ξ¯α˙∂μχ¯ α˙, (71)
δξλα = σμνβα ξβ
(
∂μ Aν − ∂ν Aμ
)
+ iξα D, (72)
δξ D = −ξασμαα˙∂μλ¯α˙ + ξ¯α˙ σ¯ μα˙α∂μλα. (73)
If we express these fields as the superfield, we have
V (x, θ, θ¯ ) = C + θα(iχα) + θ¯α˙(−iχα˙) + θασμαα˙θ¯ α˙(−Aμ)
+ θθ
[
i
2
(M + i N )
]
+ θ¯ θ¯
[
− i
2
(M − i N )
]
+ θθ θ¯α˙
[
i
(
λ¯α˙ + i
2
σ¯ μα˙α∂μχα
)]
+ θ¯ θ¯ θα
[
−i
(
λα + i2σ
μ
αα˙∂μχ¯
α˙
)]
+ θθ θ¯ θ¯
(
1
2
D + 1
4
C
)
. (74)
When we define the vector superfield (62–67), there is an ambiguity due to the choice of the alge-
braic elements. In order to see this, we consider two arbitrary elements of the algebra given by
u0 ∈ A+ and u¯0 ∈ A−. It turns out that the following functions obtained by these elements obey
the supersymmetry transformation of a vector supermultiplet:
m0C0 = ϕ0 + ϕ∗0 , (75)
m0χ0α = −i
√
2ψ0α, (76)
m0(M0 + i N0) = −2i F0, (77)
m0 A0μ = −i∂μ(ϕ0 − ϕ∗0), (78)
λ0α = 0, (79)
D0 = 0. (80)
Then we can redefine C , χα , M , N such that
C → C + C0 = 0, (81)
χα → χα + χ0α = 0, (82)
M + i N → (M + M0) + i(N + N0) = 0. (83)
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To choose C , χα , M , and N in the vector supermultiplet to be zero is called theWess–Zumino gauge.
This gauge is realized in (62–67) by the following condition:
∑
a
caϕ
∗
aϕa = 0,
∑
a
caϕ
∗
aψ
α
a = 0, (84)
∑
a
caϕ
∗
a Fa = 0.
Hereafter let us call Eq. (84) the Wess–Zumino condition.
Since ua and u¯a are N × N complex matrix functions, Aμ, D, λα are also N × N complex matrix
functions and are parametrized by
Aμ(x) =
N 2−1∑
l=0
Alμ(x)
Tl
2
, (85)
D(x) =
N 2−1∑
l=0
Dl(x)
Tl
2
, (86)
λα(x) =
N 2−1∑
l=0
λlα(x)
Tl
2
. (87)
Here, Tl is the basis of generators that belong to the fundamental representation of the Lie algebra
associated with Lie group U (N ), which are normalized as follows:
Tr(TaTb) = 2δab. (88)
Since Aμ(x) and D(x) are Hermitian, Alμ(x) and Dl(x) are real functions. On the other hand, λlα(x)
are complex functions.
The supersymmetric Dirac operator modified by the fluctuation is denoted by
D˜M = −i
(
0 ˜¯Di j¯
D˜i¯ j 0
)
. (89)
We consider the fluctuation due to ua ∈ + and u¯a ∈ −. In the basis of (5), we take Ua , U ′a in (59)
as follows:
Ua =
√
−2ca
(
ua 0
0 0
)
, U ′a =
√
−2ca
(
0 0
0 u¯a
)
. (90)
Then, the contribution to D˜i¯ j is given by the following form:
Vi¯ j = −2
∑
a
ca(u¯a)i¯ k¯[iDM , ua]k¯ j
= −2
∑
a
ca(u¯a)i¯ k¯Dk¯l(ua)l j , (91)
and when we take Ua , U ′a as follows:
Ua =
√
2ca
(
0 0
0 u¯a
)
, U ′a =
√
2ca
(
ua 0
0 0
)
, (92)
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the contribution to ˜¯Di j¯ is given by
V¯i j¯ = 2
∑
a
ca(ua)ik[iDM , u¯a]k j¯
= 2
∑
a
ca(ua)ikD¯kl¯(u¯a)l¯ j¯ . (93)
We shall calculate in theWess–Zumino gauge. Using the definition of the vector supermultiplet given
by (62–67), we obtain the following result:
Vi¯ j = −
⎛
⎜⎝
0 0 0
i
√
2λ¯α˙ −σ¯ μα˙α Aμ 0
D + i∂μ Aμ + 2i Aμ∂μ i
√
2λα 0
⎞
⎟⎠ , (94)
and
V¯i j¯ =
⎛
⎜⎝
0 0 0
−i√2λα σμαα˙ Aμ 0
D − i∂μ Aμ − 2i Aμ∂μ −i
√
2λ¯α˙ 0
⎞
⎟⎠ . (95)
There is an additional fluctuation due to uab = uaub ∈ A+ and u¯ab = u¯au¯b ∈ A−, where a, b =
1, . . . , n. This fluctuation is not contained in the fluctuation due to ua ∈ + and u¯a ∈ −, since
uab /∈ + and u¯ab /∈ −. The component fields of uab are expressed by the matrix form of (35) and
(36) and each field is given by
uab = {ϕab, ψabα, Fab}, (96)
where
ϕab = 1
m0
ϕaϕb, (97)
ψabα = 1
m0
(ψaαϕb + ϕaψbα), (98)
Fab = 1
m0
(ϕa Fb + Faϕb − ψαa ψbα). (99)
The component fields of u¯ab are the complex conjugate functions of (97–99).
It turns out that the gauge-covariant form of D˜M is obtained by adding the following fluctuation
due to uab and u¯ab:
V ′i¯ j = 2
∑
a,b
cacb(u¯ab)i¯ k¯[iDM , uab]k¯ j
= 2
∑
a,b
cacb(u¯ab)i¯ k¯Dk¯l(uab)l j (100)
and
V¯ ′i j¯ = 2
∑
a,b
cacb(uab)ik[iDM , u¯ab]k j¯
= 2
∑
a,b
cacb(uab)ikD¯kl¯(u¯ab)l¯ j¯ . (101)
Taking into account the Wess–Zumino gauge condition given by (84), we obtain
V ′3¯1 = −V¯ ′31¯ = −Aμ Aμ, (102)
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and other matrix elements turn out to be zero. The fluctuation due to higher-order products of ua
or u¯a such as uabc = uaubuc or u¯abc = u¯au¯bu¯c vanishes due to the Wess–Zumino gauge condition.
Thus the total fluctuation in the Wess–Zumino gauge amounts to
V WZi¯ j = Vi¯ j + V ′i¯ j , (103)
V¯ WZi j¯ = V¯i j¯ + V¯ ′i j¯ , (104)
and the Dirac operator with fluctuation denoted by (89) is finally given by
D˜i¯ j = Di¯ j + V WZi¯ j
=
⎛
⎜⎝
0 0 1
−i√2λ¯α˙ i σ¯ μDμ 0
DμDμ − D −i
√
2λα 0
⎞
⎟⎠ , (105)
and
˜¯Di j¯ = D¯i j¯ + V¯ WZi j¯
=
⎛
⎜⎝
0 0 1
−i√2λα iσμDμ 0
DμDμ + D −i
√
2λ¯α˙ 0
⎞
⎟⎠ , (106)
where Dμ is the covariant derivative,
Dμ = ∂μ − i Aμ. (107)
As for the Dirac operator on the finite space, we assume that DF in (45) has no internal degrees of
freedom, so the fluctuation for it does not arise.
The modified total Dirac operator on the basis  ⊗ Qa is given by
D˜tot = D˜M − iγM ⊗DF . (108)
Let us see that the counterpart of the first term in Eq. (2), which is in our supersymmetric case the
part of the spectral action for the matter particles and their superpartners, is given by the bilinear
form of supersymmetric invariant product (41) with the total Dirac operator in (108):
Imatter = (L + R, iDtot(L + R))
= (L + R, iDM(L + R)) + (L + R, γM ⊗DF (L + R))
= (L , D˜L) + (R, D˜R) + (L , im†R) − (R, imL), (109)
where L , R are the left-handed and right-handed particle supermultiplets in (15–22):
aL =
(
q˜aL , q
a
Lα, F
a
L , 0
3
)
, (110)
aR =
(
03, q˜aR, q
aα˙
R , F
a
R
)
. (111)
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Using the definition of the supersymmetric invariant product (41–43) and fluctuated Dirac operator
(89), (105), and (106), the kinetic parts of the matter particles are expressed by
IL = (L , D˜L)
=
∫
M
d4x
[
−Dμq˜∗LDμq˜L − i q¯Lα˙ σ¯ μα˙αDμqLα
−
√
2ig(q˜∗Lλ
αqLα − q¯Lα˙ λ¯α˙q˜L) − gq˜∗L Dq˜L + F∗L FL
]
, (112)
and
IR = (R, ˜¯DR)
=
∫
M
d4x
[
−Dμq˜∗RDμq˜R − i q¯Rασμαα˙Dμq α˙R
−
√
2ig(q˜∗R λ¯α˙q
α˙
R − q¯αRλαq˜R) − gq˜∗R Dq˜R + F∗R FR
]
, (113)
where g is a rescale factor to the vector superfields that we will introduce later.
As for the mass terms, i.e, the last two terms in (109), we redefine the phase of L as L → iL ,
then we have
Imass = (R, mL) + h.c.
=
∫
M
d4x[q˜∗Rm FL + F∗Rmq˜L − qαRmqLα + h.c.]. (114)
4. Spectral action principle and super Yang–Mills action
Let us start the final task to derive the super Yang–Mills theory following the supersymmetric ver-
sion of the prescription for constructing NCG particle models. In our noncommutative geometric
approach to supersymmetry, we show that the action for the vector supermultiplet will be obtained
by the coefficients of heat kernel expansion of the elliptic operator P:
T rL2 f (P) 
∑
n≥0
cnan(P), (115)
where f (x) is an auxiliary smooth function on a smooth compact Riemannian manifold without
boundary of dimension 4 similar to the non-supersymmetric case. Since the contribution to P from
the antiparticles is the same as that of the particles, we consider only the contribution from the par-
ticles. Then the elliptic operator P in our case is given by the square of the Wick-rotated Euclidean
Dirac operator D˜tot expressed in the same form as (108):
D˜tot = D˜M − iγM ⊗DF , (116)
where D˜M is obtained from (89), (105), and (106) but with the replacement of (49), (50). Note that,
as for the case in which internal fluctuation to DF exists, we will discuss this in our next paper [13].
The elliptic operator P is expanded into the following form:
P = −(ημν∂μ∂ν + Aμ∂μ + B). (117)
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The heat kernel coefficients an in Eq. (115) are found in Ref. [14]. They vanish for odd n, and the
first three an for even n in the flat space are given by
a0(P) = 116π2
∫
M
d4x trV (I), (118)
a2(P) = 116π2
∫
M
d4x trV (E), (119)
a4(P) = 132π2
∫
M
d4x trV
(
E
2 + 13Eμ;μ + 16μνμν
)
, (120)
where E and the bundle curvature μν in the flat space are defined as follows:
E = B − (∂μωμ + ωμωμ), (121)
μν = ∂μων − ∂νωμ + [ωμ,ων], (122)
ωμ = 12Aμ. (123)
The coefficients cn in (115) depend on the functional form of f (x). If f (x) is flat near 0, it turns out
that c2k = 0 for k ≥ 3 and the heat kernel expansion terminates at n = 4 [8].
In Eqs. (118–120), trV denotes the trace over the vector bundle V . As for the supersymmetric
theory we consider here, sections of the vector bundle V are smooth functions bearing indices that
correspond to internal and spin degrees of freedom of the chiral and antichiral supermultiplets. For
the spin degrees of freedom, trV is the supertrace defined by
Str O =
∑
i
〈i |(−1)2s O|i〉
=
∑
b
〈b|O|b〉 −
∑
f
〈 f |O| f 〉, (124)
where s is the spin angular momentum and the states |b〉 and | f 〉 stand for bosonic and fermionic
states, respectively. Being attached with spinor indices, a matrix M represented on the space of
supermultiplets spanned by the basis (ϕ(x), ψα(x), F(x)) is expressed by
M =
⎛
⎜⎝
M11 M
β
12 M13
M21α M
β
22α M23α
M31 M
β
32 M33
⎞
⎟⎠ . (125)
The supertrace of M is given by
Str M = trV M11 − trV M α22α + trV M33. (126)
The minus sign of trM22 is due to the supersymmetry. In order to consider the meaning of the sign,
we rewrite the diagonal elements of M on the superspace spanned by the basis (ϕ, θβψβ, θθ F) as
follows:
diag M = (M11, θα M β22α
∂
∂θβ
, M33). (127)
It is reasonable to assume that
trV (θα M
β
22α
∂
∂θβ
) = −trV (M β22α
∂
∂θβ
θα) = −trV M α22α , (128)
so that (126) is established. In the same way, the supertrace of a matrix M¯ represented on the space
of the anti-supermultiplet (ϕ∗, ψ¯ α˙, F∗) is given by
Str M¯ = M¯11 − M¯ α˙22α˙ + M¯33. (129)
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Now let us calculate the spectral action for D˜2tot, where D˜tot is given by (116). In the contribution
to the spectral action from D˜2tot, the terms includingDF vanish sinceDM anticommutes with γM and
Str γ 2M = Str 1 = 0. (130)
Thus, we consider the following elliptic operator P in the Euclidean signature:
P = D˜2M =
(
P+ 0
0 P−
)
. (131)
By making use of the Wick-rotated expressions (105) and (106), P± amounts to
P+ = − ˜¯DED˜E
= −
⎛
⎜⎜⎝
DμDμ − D −i
√
2λβ 0
−i√2σμEαα˙
(
(Dμλ¯α˙) + λ¯α˙Dμ
) DμDμδβα + iσμνβEα Fμν −i
√
2λα
−2λ¯α˙λ¯α˙ −i
√
2λ¯α˙σ¯ μα˙βE Dμ DμDμ + D
⎞
⎟⎟⎠ , (132)
P− = −D˜E ˜¯DE
= −
⎛
⎜⎜⎜⎝
DμDμ + D −i
√
2λ¯β˙ 0
−i√2σ¯ μα˙αE
(
(Dμλα) + λαDμ
) DμDμδβ˙α˙ + i σ¯ μνα˙E β˙ Fμν −i
√
2λ¯α˙
−2λαλα −i
√
2λασμEαβ˙Dμ DμDμ − D
⎞
⎟⎟⎟⎠ , (133)
In (132) and (133), σμνE and σ¯
μν
E are defined by
σ
μν
E = (iσ 0 j ,−σ i j ), (134)
σ¯
μν
E = (i σ¯ 0 j ,−σ¯ i j ), (135)
and
σμνβα = 14
(
σ
μ
αα˙σ¯
να˙β − σναα˙σ¯ μα˙β
)
, (136)
σ¯
μνα˙
β˙
= 14
(
σ¯ μα˙βσ ν
ββ˙
− σ¯ να˙βσμ
ββ˙
)
. (137)
The field Aμ, λα , D are the N × N matrices as shown in Eqs. (85–87). They turn out to be the gauge,
gaugino, and auxiliary fields. The covariant derivative on spinors, say, λα , is given by
Dμλα = ∂μλα − i[Aμ, λα], (138)
and Fμν is the field strength defined by
Fμν = i[Dμ,Dν]
= ∂μ Aν − ∂ν Aμ − i[Aμ, Aν]. (139)
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We expand P± in the form given by Eq. (117). Using the formulae (121) and (123), we obtain the
following expressions:
E+ = B+ − (∂μωμ+ + ω+μωμ+) =
⎛
⎜⎜⎜⎜⎜⎝
−D −i√2λβ 0
−i√
2
σ
μ
Eαα˙(Dμλ¯α˙) iσμνβEα Fμν −i
√
2λα
−2λ¯α˙λ¯α˙ i√
2
(Dμλ¯α˙)σ¯ μα˙βE D
⎞
⎟⎟⎟⎟⎟⎠
(140)
E− = B− − (∂μωμ− + ω−μωμ−) =
⎛
⎜⎜⎜⎜⎜⎝
D −i√2λ¯β˙ 0
−i√
2
σ¯
μα˙α
E (Dμλα) i σ¯ μνα˙E β˙ Fμν −i
√
2λ¯α˙
−2λαλα i√
2
(Dμλα)σμEαβ˙ −D
⎞
⎟⎟⎟⎟⎟⎠
. (141)
The bundle curvature μν± given by (122) amounts to

μν
+ =
⎛
⎜⎜⎜⎜⎜⎝
−i Fμν 0 0
− i√
2
[
σνEαα˙(Dμλ¯α˙) − σμEαα˙(Dνλ¯α˙)
]
−i Fμνδβα 0
0 − i√
2
[
(Dμλ¯α˙)σ¯ να˙βE − (Dνλ¯α˙)σ¯ μα˙βE
]
−i Fμν
⎞
⎟⎟⎟⎟⎟⎠
(142)

μν
− =
⎛
⎜⎜⎜⎜⎜⎝
−i Fμν 0 0
− i√
2
[
σ¯ να˙αE (Dμλα) − σ¯ μα˙αE (Dνλα)
]
−i Fμνδβ˙α˙ 0
0 − i√
2
[
(Dμλα)σ νEαβ˙ − (Dνλα)σ
μ
Eαβ˙
]
−i Fμν
⎞
⎟⎟⎟⎟⎟⎠
.
(143)
From (140) and (141) we have
Str E+ = Tr[−D] − [−σμναEα ]iTrFμν + TrD = 0, (144)
Str E− = 0, (145)
since
σμναα =
1
4
(
σ
μ
αα˙σ¯
να˙α − σναα˙σ¯ μα˙α
)
= −1
2
(
gμν − gμν
)
= 0, (146)
σ¯
μνα˙
α˙ = 0. (147)
As for the square of E2, we have
Str E2+ = Tr
[
D2 − λβσμEββ˙(Dμλ¯
β˙)
]
− Tr
[
σ
μ
Eαα˙(Dμλ¯α˙)λα − σμνβEα σλκαEβ Fμν Fλκ + λα(Dμλ¯β˙)σ¯ μβ˙αE
]
+ Tr
[
− (Dμλ¯α˙)σ¯ α˙βE λβ + D2
]
= Tr
[
2D2 − 4λ¯β˙ σ¯ μβ˙βE (Dμλβ) − Fμν Fμν −
1
2
εμνλκ Fμν Fλκ
]
, (148)
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and
Str E2− = Tr[2D2 − 4λ¯β˙ σ¯ μβ˙βE (Dμλβ) − Fμν Fμν +
1
2
εμνλκ Fμν Fλκ ], (149)
where Tr denotes the trace over N × N matrices of the internal degrees of freedom. Equations (148)
and (149) give the following expression:
trV (E2) = Str E2+ + Str E2− (150)
= 2Tr[2D2 − 4λ¯β˙ σ¯ μβ˙βE (Dμλβ) − Fμν Fμν]. (151)
The supertrace of ±μνμν± amounts to
Str ±μνμν± = Tr[−Fμν Fμν] − Tr[−Fμν Fμν12] + Tr[−Fμν Fμν] = 0. (152)
Let us calculate the heat kernel coefficients. From (118), we obtain
a0 = 0, (153)
since the number of freedom of the bosonic sector is equal to the number of freedom of the fermionic
sector due to the supersymmetry, so that Str I = 0. Equation (153) indicates that the cosmological
constant vanishes in the supersymmetric theory. From Eqs. (144) and (145), the coefficient a2 also
vanishes:
a2 = 0. (154)
Finally, Eqs. (151) and (152) give
a4 = 116π2
∫
M
dx2Tr
[
2D2 − 4λ¯β˙ σ¯ μβ˙βE (Dμλβ) − Fμν Fμν
]
, (155)
since trV (E
μ
;μ) = 0.
The Euclidean super Yang–Mills action IE is now given by
IE = TrL2 f (D˜2M) = f4a4. (156)
In order to obtain the physical action we change the signature back to the Minkowskian ημν → gμν
with σμE → iσμ and rescale the vector supermultiplet as {Aμ, λα, D} → {g Aμ, gλα, gD}, where
g turns out to be the gauge coupling constant. After this procedure we have the following super
Yang–Mills action:
ISYM =
∫
M
dx2Tr
[
−1
2
Fμν Fμν − 2i λ¯β˙ σ¯ μβ˙β(Dμλβ) + D2
]
, (157)
where we have fixed the constant f4 such that
f4
8π2
= 1
g2
. (158)
At last, we have arrived at the goal.
5. Conclusions
In this paper, we have introduced the supersymmetric counterpart of the spectral triple of NCG on
the finite space as well as on the manifold investigated in Ref. [9]. We obtain the total Dirac opera-
tor (37). A vector supermultiplet is introduced as the internal fluctuation of the supersymmetrically
extended Dirac operator DM defined on the manifold. The modified Dirac operator D˜M due to the
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fluctuation turns out to be supersymmetric and gauge-covariant. When we consider the algebra of
N × N complex matrices that act on the finite space, the fluctuation induces U (N ) gauge degrees of
freedom.
Following the prescription of NCG, we calculated the spectral action using our generalized super-
symmetric Dirac operator D˜tot given in (116). The parts of the action that include kinetic terms and
mass terms of matter fields and their superpartners are obtained from the supersymmetric invariant
bilinear form. We calculated the coefficients of heat kernel expansion of the squared Dirac operator
P = D˜2tot. The terms including DF did not contribute to them. We have found that the expansion
coefficients for D2M successfully derived the super Yang–Mills action. As a result, we expressed the
whole supersymmetric action for the matter supermultiplets and vector supermultiplets by the simple
formula of the spectral action principle.
The method proposed in this paper to calculate the spectral action is applicable to the deriva-
tion of the supersymmetric standard model. In this model, the Higgs bosons and their superpartners
are introduced as the fluctuation to the supersymmetric Dirac operator on the finite space. Detailed
discussions and calculations on this subject will be given in a separate paper [13].
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